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Abstract
We calculate gravitational dressed tachyon correlators in non critical dimensions. The 2D
gravity part of the theory is constrained to constant curvature. Then scaling dimensions
of gravitational dressed vertex operators are equal to their bare conformal dimensions.
Considering the model as d+2 dimensional critical string we calculate poles of generalized
Shapiro–Virasoro amplitudes.
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1 Introduction
It is the idea of string theory that all elementary particles and their resonances can be
considered as excitations of strings moving through space time. The main problem of
such a picture is that the space time dimension d has to be 26 (bosonic case) or 10 (super
symmetric case) in order to get results not depending on the metric of the world sheet
swept out by the string.
Then it was proposed in [1] to integrate over all world sheet metrics which can be
considered as an inclusion of 2D quantum gravity. Unfortunately that approach provides
complex scaling dimensions in the interesting region of space time dimensions between
one and 25 [2, 3, 4, 5, 6].
A natural way to overcome that problem is to weight the integration over all metrics
by a factor ∫
Dg −→
∫
Dge−Spg ,
where Spg is an action for pure 2D gravity. The Einstein–Hilbert action does not solve the
problem because it is a topological density in two dimensions. However, there is another
natural candidate for Spg proposed in [7] and rederived in a topological framework in [8],
Spg =
i
π
∫
d2z
√
gφ(R + Λ), (1.1)
where φ is a two dimensional dilaton which has to be taken into account as a quantum
field. R = R(g) is the two dimensional curvature and Λ is a cosmological constant.
(We use conventions of [9]). The dilaton enters the action like a Lagrange multiplier
and hence (1.1) produces the constraint of constant curvature. There are also possible
generalizations of (1.1) discussed in [10].
In [11] it has been shown that the inclusion of (1.1) provides a real string susceptibility
(scaling dimension of the partition function) in arbitrary space time dimensions d. Later
on it was shown in [12] (perturbative approach) and in [13] (non perturbative approach)
that scaling dimensions of vertex operators are equal to their bare conformal dimensions
and hence real. (The perturbative approach is also discussed in [14]).
The mass spectrum of the model was obtained in [15] via a sigma model interpretation,
i.e. linear combinations of the Liouville field σ (see below) and the dilaton φ are considered
as new string coordinates. In the following we will call that point of view d+2 dimensional
critical string.
Our paper is organized as follows. In the second section we calculate correlators in
the gravity part of the theory. That will be a preparation of the third section where
correlators of gravitational dressed tachyons are written down and their gravitational
dressed dimensions are calculated. In the fourth section we consider the 2+d dimensional
critical string and give an expression in the form of Shapiro–Virasoro amplitudes. A rough
argumentation provides the poles of single scattering channels. In d = 12 dimensions the
four point function will be considered more detailed. We get poles in S,T and U channels
and also leg poles which are created by scattering with background tachyons of fixed
momentum.
1
2 Correlators in 2D gravity
We will confine ourself to simply connected world sheets and use the conformal gauge
gαβ = e
2σ(z)δαβ. (2.1)
The 2D gravity action contains besides the pure gravity action (1.1) the matter induced
Liouville action [1],
Sg = Spg + (26− d)SL, (2.2)
SL =
1
12π
∫
d2z
(
1
2
∂ασ∂ασ + µe
2σ
)
, (2.3)
where µ is the Liouville mass. We define fixed area expectation values as follows,
Z(A) =
∫
DgφDgσ dΛ δ
(
1− 1
A
∫
d2z
√
g
)
δ (ΛA+ 4π) e−Sg
〈· · ·〉|A = 1
Z(A)
∫
DgφDgσ dΛ δ
(
1− 1
A
∫
d2z
√
g
)
δ (ΛA+ 4π) e−Sg (· · ·) . (2.4)
The second delta function comes from the constraint of constant curvature and the Gauß–
Bonnet theorem. The first delta function is redundant, because the constraint of constant
curvature implies a constant area. However, when we use translation invariant measures
the term φ
√
g in (1.1) will be renormalized and the constraint of constant curvature is
no longer manifest. The arguments of delta functions are arranged in such a way that
Z =
∫
dAZ(A) is dimensionless. Now we consider the correlator of N 2D gravitons and
dilatons,
〈
N∏
i=1
e2βiσ(zi)+2iγiφ(zi)〉|A.
In order to be able to calculate this correlator we have to move to translation invariant
measures [4, 5]. Therefore we split σ into a classical part σˆ and into a quantum part σ
and turn to measures with g replaced by gˆ ,
Dg −→ Dgˆ, gˆαβ = e2σˆδαβ.
The Jacobian can be calculated by methods given in [6] or [16]. We get
〈
N∏
i=1
e2βiσ(zi)+2iγiφ(zi)〉|A =
1
Z(A)
e−(26−d)SL[σˆ]
N∏
i=1
e2βiσˆ(zi)
∫
DgˆσDgˆφe−12aSˆL−Sˆpg
∫
dΛ δ
(
1− 1
A
∫
d2z
√
gˆ(e2σ)ren
)
δ (ΛA+ 4π)
N∏
i=1
e2βiσ(zi)+2iγiφ(zi), (2.5)
2
where
a =
24− d
12
SˆL =
1
12π
∫
d2z
√
gˆ
(
1
2
gˆαβ∂ασ∂βσ + Rˆσ + µ(e
2σ)ren
)
Sˆpg =
i
π
∫
d2z
√
gˆ
[
φ(∆ˆσ + Rˆ) + Λ(φe2σ)ren
]
. (2.6)
It is useful to introduce
ψ = σ +
i
a
φ (2.7)
instead of σ. Then the massless part of the action becomes diagonal,
12aSˆL |µ=0 + Sˆpg |Λ=0 =
a
π
∫
d2z
√
gˆ
(
1
2
gˆαβ∂αψ∂βψ + Rˆψ
)
+
1
aπ
∫
d2z
√
gˆ
1
2
gˆαβ∂αφ∂βφ. (2.8)
(2.8) is a conformal field theory with central charge
c = 12a+ 1 + 1 = 26− d
which cancels the central charge of the matter part of the theory (compare next section).
In (2.5) we have admitted a renormalization of e2σ and φe2σ. The operators (e2σ)ren and
(φe2σ)ren must not destroy the conformal invariance and therefore we require them to be
primary fields of dimension (1,1). (Otherwise we would get σˆ dependent expressions).
The conformal dimension of a general composite vertex operator can be calculated via an
operator product expansion. That provides
∆
(
e2ρσe2iωφ
)
= ∆
(
e2ρψ
)
+∆
(
e2i(ω−
ρ
a
)φ
)
= ρ− ρ
2
2a
+
a
2
(
ω − ρ
a
)2
. (2.9)
The requirement ∆ = 1 yields one equation for two parameters and hence we have infinite
many operators of dimension (1,1), (and there are even more of them [15]). A natural
additional requirement is that renormalized and unrenormalized operators should coincide
in the semi classical limit (a −→ ∞). That leads to
(e2σ)ren = e
2σ (2.10)
(φe2σ)ren = −ia
4
e2σ(e
4i
a
φ − 1) =
= φe2σ + o
(
1
a
)
. (2.11)
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Performing zero mode, and Λ integration and neglecting uninteresting factors provides
〈
N∏
i=1
e2βiσ(zi)+2iγiφ(zi)〉|A =
A−t−s−1
Z(A)
e−µAΓ(−t)
N∏
i=1
e2βiσˆ(zi)e−(26−d)SL[σˆ]
∫
Dgˆ⊥σDgˆ⊥φ e−Sˆpg |Λ=0−SˆL |µ=0
(∫
d2z
√
gˆe2σe
4i
a
φ
)t
(∫
d2z
√
gˆe2σ
)s N∏
i=1
e2βiσ(zi)+2iγiφ(zi), (2.12)
where
t = a
(
1− 1
2
N∑
i=1
γi
)
and
s = 2a− t−
N∑
i=1
βi = a+
N∑
i=1
(
a
2
γi − βi
)
. (2.13)
The right angle indicates that zero modes are integrated out. We observe that the partition
function behaves like
Z(A) ∼ A−2a−1e−µA = A d−246 −1e−µA (2.14)
which coincides with the calculation with non translation invariant measures performed
in [11]. The calculation of the partition function is rather simple with non translation
invariant measures. In the case of general correlators it turns out to be more difficult. For
non vanishing γi’s one has to solve the Liouville equation with additional delta function like
sources as it was stated in [15]. But also for vanishing γi’s the problem is involved, because
one has to integrate over all solutions of the Liouville equation. If one is only interested in
the partition function the integrand will not depend on the special form of the solution of
the Liouville equation and the integral over all solutions gives an uninteresting factor. The
situation is much more complicated for correlation functions where the integrand depends
on the special form of the solution. However, if one was able to solve that problem one
could check whether our assumptions (2.10) and (2.11) are correct at the level of higher
point functions, too.
Now we return to (2.12) and define the zero modes in a covariant way [6]
φ0 =
1
4π
∫
d2z
√
gˆRˆφ
σ0 =
1
4π
∫
d2z
√
gˆRˆσ. (2.15)
Then we use the field redefinition (2.7) and get, up to a factor, for ψ and φ the same
σˆ–dependent propagator
G(z, z′ | σˆ) = − log(M | z − z′ |)− σˆ(z)
2
− σˆ(z′)
2
+ 3SL[σˆ]. (2.16)
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As usual (compare e.g. [17]) we take t and s as positive integers during the calculation
and assume that final results could be continued to real values. That leads to
〈
N∏
i=1
e2βiσ(zi)+2iγiφ(zi)〉|A =
Γ(−t)
Γ(−a)A
2a−t−se−12aSL[σˆ]
N∏
i=1
e2βiσˆ(zi)
∫ N+t+s∏
i=N+1
d2zi e
2βiσˆ(zi)

N+t+s∏
i,j
e(2γiβj−aγiγj)G(zi,zj|σˆ), (2.17)
where
γN+1 = · · · = γN+t = 2
a
γN+t+1 = · · · = γN+t+s = 0 (2.18)
βN+1 = · · · = βN+t+s = 1
which implies
N+t+s∑
i=1
γi = 2 and
N+t+s∑
i=1
βi = 2a. (2.19)
It is easy to see that the σˆ dependence drops out which represents a nontrivial check of
our calculation.
We regularize log(M0) by log(Mǫ/η), η is a renormalization scale and ǫ is a UV cut
off. Finally we get
〈
N∏
i=1
e2βiσ(zi)+2iγiφ(zi)〉|A =
A2a−t−s
Γ(−t)
Γ(−a)
(
Mǫ
η
)−∑N
i=1
(2γiβi−γ2i a)
∫ t∏
i=1
d2ui
s∏
l=1
d2wl
N∏
j=1
t∏
i=1
(M | zj − ui |)− 4aβj+2γj
N∏
j=1
s∏
l=1
(M | zj − wl |)−2γj
s∏
l=1
t∏
i=1
(M | ui − wl |)− 4a
N∏
i 6=j
(M | zi − zj |)γiγja−2γiβj . (2.20)
3 Matter coupled to 2D gravity
In the conformal gauge (2.1) the string action is given by
SM =
1
4π
∫
d2z
1
2
∂αX
µ(z)∂αXµ(z), µ = 1, · · · , d. (3.1)
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Like the authors of [6] we define a normal ordered tachyon operator by multiplying it
with a conformal cut off and a scalar density. We allow that 2D dilatons take part in the
scalar density,
: eikj ·X(zj) := eikj ·X(zj)Bj(zj) (3.2)
where
Bi(zi) =
(
ǫ2e2σ(zi)
)βi−1
e2σ(zi) e2iγiφ(zi). (3.3)
The N-point tachyon correlator is then given by
〈
N∏
i=1
: eiki·X(zi) :〉 =
1
Z
∫
DgσDgφDgXDg(ghost)e−Spg−SM−Sghost
N∏
i=1
: eiki·X(zi) :, (3.4)
where the ghost integral arises from conformal gauge fixing. Using the result (2.20) from
the previous section we get
〈
N∏
i=1
: eiki·X(zi) :〉|A =
A2a−t−s
Γ(−t)
Γ(−a)δ
(d)
(
N∑
i=1
ki
)(
ǫM
η
)∑N
i=1
(k2
i
−2γiβi+γ2i a)
ǫ2
∑N
i=1
(βi−1)
∫ t∏
i=1
d2ui
s∏
l=1
d2wl
N∏
j=1
t∏
i=1
(M | zj − ui |)− 4aβj+2γj
N∏
j=1
s∏
l=1
(M | zj − wl |)−2γj
s∏
l=1
t∏
i=1
(M | ui − wl |)− 4a
N∏
i 6=j
(M | zi − zj |)ki·kj+γiγja−2γiβj . (3.5)
Requiring independence on the UV cut off ǫ yields
βi − γiβi + γ
2
i
2
a = 1− k
2
i
2
≡ 1−∆(0)i (3.6)
where ∆
(0)
i is the bare conformal dimension, i.e. the conformal dimension with respect to
the matter part only. With (2.9) and (3.6) follows
∆ (Bi(zi)) = 1−∆(0)i . (3.7)
Thus our definition of gravitational dressing is equivalent to the definition used in [5].
The gravitational dressed dimensions are defined via the scaling behavior of (3.5),
〈
N∏
i=1
: eki·X(zi) :〉|A ∼
N∏
i=1
A1−∆i . (3.8)
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That leads to
∆i = 1− βi (3.9)
and is not unique due to the presence of the γi. The most natural restriction is
γi = 0, (3.10)
i.e. gravitational dressing is carried by gravitons only. It ensures also that the unit
operator has scaling dimension zero. Restriction (3.10) leads to a trivial KPZ relation
∆i = ∆
(0)
i . (3.11)
(3.11) coincides with the perturbative result [12].
4 d + 2 dimensional critical string
We consider the integrated N point functions
AN (k1, · · · , kN) = 1
V ol(SL(2, R))
∫ N∏
i=1
d2zi〈
N∏
i=1
: eiki·X(zi) :〉 (4.1)
and rewrite them in a suggestive form, (we neglect pre factors),
AN(k1, · · · , kN) =
1
V ol(SL(2, R))
∫ N∏
j=1
d2zj
t∏
α=1
d2uα
s∏
J=1
d2wJ
∏
i<j
| zi − zj |2Ki·Kj
∏
j,α
| zj − uα |2iKj ·K¯
∏
j,J
| zj − wJ |2iKj ·K
∏
α,J
| uα − wJ |−2K·K¯, (4.2)
where we have introduced the index conventions
j = 1, . . . , N ; α = 1, . . . , t; J = 1, . . . , s;
and the Ki are d+ 2 dimensional vectors. Comparison of (4.2) with (3.5) provides
Kj =
(
kj1, · · · , kjd, iβj√
a
,
√
aγj − βj√
a
)
, (4.3)
iK¯ =

0, · · · , 0︸ ︷︷ ︸
d
i√
a
,
1√
a

 (4.4)
iK =

0, · · · , 0︸ ︷︷ ︸
d
,
i√
a
,− 1√
a

 . (4.5)
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Equation (3.6) can be written in the form
−m2i ≡ K2i + n ·Ki = 2, (4.6)
with
n = (0, · · · , 0︸ ︷︷ ︸
d
,−2i√a, 0) (4.7)
(4.6) is the mass shell condition of [15]. The scalar product in (4.4) is Euclidian and
the time like coordinate is the pure imaginary one. (The case a = 0 is the ordinary 26
dimensional critical string and is not considered here). However, (4.6) could as well be
written in the form
−m˜2i ≡ (Ki +
n
2
)2 = 2 +
n2
4
= 2− a.
Then the ‘tachyon’ would become massless in 0 + 2 dimensions which is common for two
dimensional critical strings [18]. In the following we will use the mass definition (4.6).
One can extract the poles of a single channel by splitting the integration intervals and
considering the region where | zi − zj | is smaller than all other distances [19]. Than one
expands the integrand in a Taylor series around | zi − zj |= 0 and integrates out that
relative distance. That leads to the following poles,
Skl ≡ (Kk +Kl)2 + n · (Kk +Kl) = 2− 2j (4.8)
SkI ≡ (Kk + iK¯)2 + n · (Kk + iK¯) = 2− 2j (4.9)
Skα ≡ (Kk + iK)2 + n · (Kk + iK) = 2− 2j (4.10)
SIα ≡ (iK + iK¯)2 + n · (iK + iK¯) = 2− 2j (4.11)
where j is a non negative integer. From (4.8) we get the same mass spectrum as the
author of [15]. Insertion of (4.4) and (4.5) provides
SkI = 4− 4βk
a
+ 2γk (4.12)
Skα = 4− 2γk (4.13)
SIα = 4− 4
a
(4.14)
Due to the presence of background tachyons with fixed momenta we have leg poles (4.12)
and (4.13). For
a =
4
2j + 2
, (4.15)
(j = non negative integer), we expect divergent expressions because we are then exactly at
poles of (I, α)-channels. These divergencies can be regularized by a cut off | uα−wJ |> λ.
Now we want to consider the four point function in more detail. Because we have not
succeeded in the continuation to real t and s until now we restrict ourself to the case a = 1
(i.e. d = 12). Here we remark that in the super symmetric case one gets very similar
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formulas with 2D super space integrals and a = (8 − d)/4. Then a = 1 corresponds to
the physically interesting case d = 4. A detailed discussion of the super symmetric case
will be given in [20]. Furthermore we set
γ1 = γ2 = γ3 = γ4 = 0, (4.16)
i.e. gravitational dressing is carried by gravitons only. Thus we have t = 1 and s = 1−∑ βi
and do not need the continuation to real values of t. We use Mo¨bius invariance to set
z1 = 0, z2 = 1, z3 =∞, z4 = z (4.17)
and get
A4(k1, k2, k3, k4) =∫
d2z
∫
d2w
∫ s∏
α=1
d2uα | z |2k1k4| 1− z |2k2k4| z − w |−4β4
| w |−4β1| 1− w |−4β2
s∏
α=1
| uα − w |−4 . (4.18)
The calculation of the z-integral is given in [21]. There the two dimensional integral is
expressed in terms of contour integrals which provide the hypergeometric function. Before
giving the result we introduce suitable Mandelstam variables,
S = (k3 + k4)
2 + 2(β3 + β4)
T = (k1 + k4)
2 + 2(β1 + β4)
U = (k2 + k4)
2 + 2(β2 + β4). (4.19)
Adding the Mandelstam variables provides
S + T + U = 8 + 4β4 = −4m2 + 4β4, (4.20)
where m2 = −2 is the tachyon mass. The sum (4.20) is not constant because background
tachyons take part in scattering. With the help of
K5 = (0, · · · , 0︸ ︷︷ ︸
d
, i, 1) = iK¯ (4.21)
we define a further Mandelstam variable (β5 = 1)
V = (K4 +K5)
2 + 2(β4 + β5) (4.22)
and get
S + T + U + V = 12 = −6m2. (4.23)
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We note that (4.16) implies that there is no interaction between external tachyons and
the s background tachyons (∫
d2z e2σ
)s
.
In terms of S, T, U, and V (4.17) becomes
A4 =
π
∫
d2w{∆(
1
2
T − 1)∆(1
2
V − 1)
∆(1
2
(T + V )− 2) | w |
T+V−4| F (2− 1
2
U,
1
2
T − 1, 1
2
(T + V )− 2;w) |2 +
∆(1
2
S − 1)∆(1
2
U − 1)
∆(1
2
(U + S)− 2) | F (2−
1
2
V,
1
2
S − 1, 1
2
(U + S)− 2;w) |2}
| w |−4β1| 1− w |−4β2
∫ s∏
α=1
d2uα | uα − w |−4 . (4.24)
F is the hypergeometric function and
∆(x) =
Γ(x)
Γ(1− x) .
In the S-channel for example we observe the poles
S = 2− 2j (4.25)
which confirms (4.8). In fact poles in V are leg poles because
V = 4− 4β4. (4.26)
These leg poles occur because background tachyons with fixed momenta take part in
scattering. The u-integrals are divergent because a = 1 is contained in (4.15). The
divergence can be regularized by a cut off
| uα − w |> λ
and renormalized via (∫
d2ze2σ
)s
−→
(
λ2
∫
d2ze2σ
)s
.
Then one can solve the u-integrals. Expanding the w-integrand in a series around | w |= 0
and | w |= ∞ one can convince himself that there are no additional poles in S,T, and U
channels.
One could regard (4.24) also as an off shell 12 dimensional non critical string amplitude.
That would be closer to the original approach of sections 1, 2, and 3. Then poles in
scattering amplitudes occur when the intermediate particles are gravitationally dressed
according to equation (3.6). Unfortunately we do not know how to get a mass spectrum
in such a picture. However, we can guess a mass spectrum by consistency requirements.
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Suppose we are given a ground state or ‘tachyon’ mass m0. Then the on shell four point
function should have a pole at
(k3 + k4)
2 = −m20 (4.27)
Together with equation (4.25) that leads to the restriction
m20 = −2j0 − 2 (4.28)
with j0 a non negative integer. The on shell value of βi is then
βi = 1 +
m20
2
= −j0.
Hence there are no additional divergences of the on shell amplitude due to leg poles. We
obtain the full mass spectrum via (4.25)
2− 2j = −M2j + 4 + 2m20
M2j = 2j − 2− 4j0, j = 0, 1, 2, . . . (4.29)
Now we require the ground state to be the lightest one,
M2j ≥ m20, ∀j. (4.30)
That leads to
j0 = 0 (4.31)
and we obtain the same mass spectrum as in 26 dimensional critical string theory.
5 Conclusions
We have calculated the N point tachyon amplitude in a model where the gravitational part
is trivialized by the constraint of constant curvature. Reasonable assumptions provided
the correct string susceptibility and a trivial KPZ relation.
Although we were not able to give a closed formula for arbitrary dimensions and
external momenta we got an expression for the four point function where poles in different
scattering channels are manifest. Interpreting the model as d+2 dimensional critical string
we obtained, like the author of [15], the same mass spectrum as in 26 dimensional critical
string theory. Furthermore we have obtained hints that also a d dimensional non critical
string picture provides the same mass spectrum.
The most serious open problem is the continuation to real values of t and s. The upper
barrier d = 1 of the model with induced gravity only is in the model considered here a
lower barrier at d = 0 (a = 2). We have doubts whether one can use our calculation
directly for d = 0. In the gravity part of our theory Mo¨bius invariance is not manifest,
e.g. the two point function is not zero for different conformal weights. We can hope
that the zero mode integration of the matter part selects configurations where Mo¨bius
11
invariance survives. But for d = 0 there is no matter part. Therefore we expect that the
lower barrier, d = 0, should be considered as a limit cmatter −→ 0. In order to be able to
perform that limit one needs the continuation to real values of t and s urgently.
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